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Abstract 
In this work v;e study the P..i.v,J2L'ties of tOlJclogical 
dynamical systems under a positive continuous change of 
velocity. 
In §l Yie define a flow obtained from a flOYT by 11 positive 
continuous change of velocity. We then prove that the 
time change flow is reversible so that we can recover the original 
flow. 
In §2 we define, following Kirillov, the first cohomology 
group of a dynamical system. A time change flow is then seen 
to be related to this first cohomology group. We now prove that 
v 
there exists a group homomorphism between the first eech cohomol-
ogy group with integer coefficients and th3 first cohomology 
group of a compact dynamical system with coefficients in the 
reals. Winding numbers, due to Sol Schwartzman, are introduced 
and are shown to have an equivalent interpretation in terms of 
the first cohomology of a compact dynamical system. 
In §3 we show thore is a natural invariant measure of a time 
change system in terms of the invariant measure of the original 
compact dynamical system. We now prove that ergodicity and 
unique ergodicity are preserved under a positive continuous 
change of velocity. Finally we relate the winding numbers of 
a time change system to the winding numbers o~ the original 
system, and show that under certain conditions they are 
invariant. 
In §4, we show that a compact dynamical system admits 
a Global Cross-Section ~ and only i~ there exists an 
eiger£unction, with non-zero eigenvalue, o~ a time change 
system. Lastly we show that, under certain conditions, a 
non-zero winding number is an eigenvalue associated to an 
eige~unction o~ a time change dynamical qystem. 
In §5 we show that it is possible to eliminate eigen~unctions 
with non-zero eigenvalue under apositivo continuous change o~ 
velocity, o~ a com~act dynamical qys tere , i~ there exists at 
least one orbit homeomorphic to the real numbers : ~ , 
in addition, the original dynamical is ergodic we prove that 
weak-mixing is not invariant under a change o~ veloci~. 
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Introducti-.2!! 
The purpose of this work is to investigate properties of 
topological dynamical systens under 8. positive continuous change 
of velocity. Thero is alrea~ some literature upon the 
investigations into measurable dynamical systems under a 
measurable change of velocity e.g. H. Totoki [H.T.l], but none, 
as far as I know, in the topological category. The key fact 
is that of a one cocycle (also called additive functional), 
because a velocity change is related to a one-co cycle • One-cocycles 
,JUre in fo,ct used by E. Hopf in his work on Ergodic Thoory in the 
1930's and have now become one of the central tools for 
studying Markov Processes e.g. E.B. Dynkin's book on Markov 
Processes. 
Much of this present work was motivated by Sol Schwartzman's 
work on Asymptotic cycles. Schwartzman made the first attempt in 
1957 to bring modern algebraic topology, in the guise of the 
v 
first Cech cohomology group, into the study of dynamical systeIJ.s. 
The study of dynamical systems is said to have motivated Poincare 
into founding algebraic topolo gy, hence Schwartzman's paper 
attempts to bring algebraic topology back to its origins. In 
v 
fact it is possible to construct a map from the first Cech 
cohomology group, with integer coefficients, to the cohomo~ogy 
classes of ono-cycles. Following Y~rillov we call the cohomology 
ii 
classes of one-co cycles the first cohomology group of a dynamical 
system. With this last observation in mind it is clear that change 
of velocity in flows is related to the first cohomology group of 
a dynamical system with real coefficients. The winding numb ers 
of Schwartzman can therefore be equivalently interpreted in terms 
of a first cohomology group of a compact dynamical system, with 
real coefficients. In fact it is possible to generalise the 
(equivalent) definition of winding numbers in terms of the first 
cohomology group of the compact dynamical system, but we do not 
do it because it is not used in what follows. 
This work starts off by defining a 'flow' obtained from 
another flow by a positive continuous change of velocity in a 
compact dynamical system. We then show that the object we have 
just defined is consistent in the sense that it is indeed a flow 
on a topo::I.ogical space i.e. it is a continuous action of the 
reals on the space. At this point we observe that a certain 
function satisfies an additivity property which gives Us the 
group property of an action - this property will later be defined 
as a one-cocycle of a one cochain. We then show that this function 
has a continuous inverse of the same type (in some sense). From 
this we sec that the time change flow is reversible and hence we 
can recover the original flow. 
In the next part of this work we define the first cohomology 
group of a dynamical system. This definition generalises the 
definition of first cohomology of a group. It is now seen that 
iii 
the additivity property associated w"i th a time change flow is nothing 
but the condition for a one co chain to be a one-cocycle. We show 
that given a~ continuous function from a compact topological space 
to the unit circle in the complex plane can be uniquely associated 
with a one-cocycle in a very nice way. This proof depends upon 
the real numbers being contractible (connected) and abelian. The 
homotopy class of such functions then determines associated 
cohomologous one-cocycles, and hence, using the natural isomorphism 
v between the Brushlinsky Group and the first eech cohomology group 
with integer coefficients, we obtain a group homomorphism between 
" the first Gech cohomology group and the first cohomology group of 
the dynamical system. We nOVl see that it may be possible to 
obtain results about velocity changes using the first cohomology 
group of a dynamical system. Up to this point the work has been 
entirely of a topological nature. We now turn to the asymptotic 
behaviour of dynamical systems and this leads us automatically into 
the realm of Ergodic Theor,y. Given a topological space we then 
take the smallest sigma algebra containing the topology and call the 
elements Borel sets, A Borel function is a fUnction whose inverse 
preserves the Borel structure, i.e. inverse image of a Borel set 
is a Borel set. A Borel measure is a measure defined on the Borel 
sets. Using the work of Kryloff and Bogoliouboff on Ergodic sets 
we now study compact dynamical system with an associated normalised 
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f'low invariant Borel measure. We look at a~ymptotic l-im:its of' 
continuous one-cocycles and show, using the Ergodic theorem, 
that the limit exists almost everywhere with respect to -this 
normalised invariant Borel measure. The integral of this 
limit is constant on cohomology classes of one-cocyclss and is 
equivalent to Schwartzman's definition of winding number. 
In section three we study the properties of dynamical 
system under a positive continuous change of velocity. The 
theory of Kryloff and Bogoliouboff is essentially a corollary 
of the linking of the Riesz Representation theorem and the 
Ergodic Theorem. Motivated by this work we find an equivalent 
time change flow invariant Borel measure. Usi!1g this equivalent 
measure we prove that ergodici ty and. unique ergodici ty are 
preserved under a time change. Finally we relate the winding 
numbers of a time change dynamical system to the original dynamical 
system, and show they are invariant under a 'normalisation' condition. 
If a compact dynamical system admits an eigenfunction then the 
eigenvalue is a winding nunmer. Schwartzman shows that certain 
'invariant' winding numbers are related to the classical problem of 
finding a (Global) cross-section for the dynamical system. (A (Global) 
cross-section is sometimes referred to as a surface of section.) We 
prove that a compact dynamical system admits a (Global) cross-section 
if and only if there exists an eigonfunction with respect to some 
time change dynamical system. We obtain a partial converse to the 
v 
question that eigenvalues are the same as winding numbers by 
showing that a non-zero 'invariant' winding number is an 
eigenvalue for some time change dynamical syste~. 
R.V. Chacon has proved, under certain conditions, that it 
is possible to measurably change the velocity of a (measure space) 
dynamical system such that the resulting system is weak-mixing. 
Chacon's method is very technical and relies on the stacking 
construction. In section five we obtain a topological analogue 
of the above result in the hope that it may give a more systematic 
approach to the problem considered by Chacon e.g. see a forthcoming 
paper of W. Parry on cocyclos and velocity changes. The key to 
the result we prove is contained in sections one and two where 
we observe that velocity changes and any continuous function 
from a (compact) topological space to the unit circle give rise 
to one-cocycles. In fact we prove that if a compact dynamical 
system has at least one infinite orbit then it has a (continuous) 
time change dynamical system whose only eigenfunction are the 
invariant functions. If, in addition, the 4Ynamical system is 
ergodic then we obtain as a corollary that there exists a (continuous) 
~\oSlc..a\ 
time change dynamical system which is~ weak mixing. This proves 
t--ope \0'3 lCO \ 
thatAweak-mixing is not invarinnt under a positive continuous change 
of velocity. 
1 -
21 Change of Velocit~Flows 
In this section we define change of velocity in a flow for a 
topological dynamical system. Intuitivaly what we do is keep the 
same orbits of a given flow, but change the speed, by a positive 
.amount, at which we travel along the orbit. Fe then show that we do, 
in fact, have an 'honest' flow after the speed is changed along the 
orbits. 
Definition We say that G acts on (the left of) X, where X is 
a topological space, and G is a topological group if 
i) The function ¢: G x X ~ X given by 
is continuous 
(g, x) I~ ¢ (x) g 
ii) For each, x E X, g, h E G we have ¢gh(X) = (¢g 0 ¢h)(x) 
iii) For each x E X, 
the group G. 
¢ ex) = x, Where e is the identity of 
e 
If G acte on X we call the pair (X, G) a (topological) 
dynami cal. sy stem. Pe write (X, ¢g) for the dynamical system 
(X, G) when we want to specify the particular G-action, where g E G. 
';Ie call the set {¢ (x) I g E GJ the ~ of x under G. g 
;ie will be mainly concerned "i th G either R - the real numbers, 
or ?l- the additive group of integers contained in :R. When the 
group acting on X is the real numbers, we often refer to it as a 
~ on X, and call elements, t, of R, time t. When X is a 
compact metric space we call (X, G) a compact ~ynamical system. 
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let X be c...oW\f"ac't, 
G-iven a flow, (cf> t)' on X we now define a new flow, 
(¢t)' on X by a positive continuous change of velocit.Y. 
Definition (¢t) is called a flow obtained from the flo~ (cf>t)' 
with a ~sitive contin~ous change of velocity A, if 
i) A: X -+ JR is a continuous funotion such that, for each 
x E X, A(X) > 0 
ii) (¢t) is defined as follows, ¢t(x) = cf>h(t,x)(x), where the 
function h: JR x X -+ JR, given by (t, x) \-+ h( t, x), is defined 
by the unique solution of the following equation 
t I
h ( t,x) ds 
= 0 Ao cf>s(x) [A] 
where integration is with respect to Lebesgue measure on JR. 
Observation Let (X, cf>t) be a compact dynamical system. If 
h : JR x X -+ JR is defined by equation [A], then (i) as t -+ + 00 (- 00) , 
h(t, x) -+ +00 (-00) for each x EX. (ii) h(O, x) = 0 . 
(iii) There exists 11, m E:R such that M I h(t, x) I ~ It I ~ m Ih(t, x) I. 
Since X is compact, A: X -+ 11 is continuous and positive, there 
exists M, mER such that, for all x E X, M ~ A(X) ~ m > 0 • 
Using equation [A] for t ~ 0 we have Mh(t, x) ~ t ~ m h(t, x) • 
If t < 0 we have -M h ( t, x) ~ -t ~ -m h ( t, x). Hence (i), (ii) 
and (iii) follow. tJ 
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This last trivial observation helps us in our analysis to prove 
that h::Rx X~JR. is continuous, and hence to deduce that 
(¢t) is a continuous flow. 
Let (X, ~t) be a compact dynamical system. The function 
h : :R x X ~:R by (t, x) H h(t, x), where h(t, x) is defined by 
equation [A], is continuous. 
Take any point of JR x X and fix it, say (T, x). Let 
(t, x) E JR. x X, then by equation [A] we have 
rh(T ,x) ds rh(t,x) ds 
J O A 0 ¢s(x) J O A 0 ~s(x) 
which can be rewritten as 
h(T,x) 1 
(T - t) + I ds(-~--
o A 0 ¢/x) 
hence, by triangle inequality 
I h(T,x) IT - tl + Io ds 
but by observation 
( 0 ~s(~_- Ao ¢s(x) I 
A 0 ¢ (x) . A 0 ¢ (x) 
s s 
= T - t 
\ Ih(T,x) ds \ ~ mlh(T, i) _ h(t, x)1 I h( t,x) A 0 ~~W-
ds 
- 4- -
so we now have 
again by observation 
+ 1 ill I 16 dslA 0 ¢ (x) - A 0 ¢ (x)1 
s s 
° 
h(T,x) 
... I I dsl A 0 ¢ (x) - A 0 ¢ (x) I 
° s s 
ao we arrive at, 
ITI + 1 
IT - t\ + M2 r 1f\ ds \A 0 ¢ (x) - A 0 ¢ (x) I ~ mlh(T,i) - h(t, x) I 
J ° a s 
Now consider [0, ~ + 1J x X, this is a compact subset of R x X, 
and therefore any continuous function is uniformly continuous on 
ill [0, .! + 1J x X. Thus v (' > 0, 3 a neighbourhood of x EX, 
(call this neighbourhood N(i», such that 'lisE [0, !!' +1] we have 
-
IA 0 ¢ ex) - A 0 ¢ (x)1 
5 5 
m f! (-) < 2 ' VXENx 
(110 + 'ltil T I) tv\ '1 
so V x E N(x) we have 
IT - t\ + (' > m I h(T, x) - h(t, x) I 
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Now let € be an arbitrary strictly positive number choose 
- ( ElJl ( = '2 m and B =""2 then for all t such that IT - tl < 0 
and for all X E N(x) it follows that Ih(T, i) - h(t, x) I < (. 
This proves that h is continuous. 
This last lenma proves that ¢ JR x X -+ X defined by 
(t, x) H ¢t(x) ::;: ¢h(t,x)(x) is continuous. We already know that 
¢O(x) ::;: x from our observation, since h(O, x) ::;: 0 it remains to 
show that (¢t) has the required group property of an action. 
Lemmii h(s + t, x) ::;: h(s, x) + h(t, ~(s,x)(x) where h(t, x) 
is defined by equation [AJ • 
!:!:22! 
Using formulae [A] we have 
s + 
rh(s+t,x) du 
t = J
O 
X-o ¢}iT [1] , s = Jh(S,x) du o ~ 
and since [AJ holds V s, t E R and x E X we have 
[2] 
which is equal to the following expression, by the group property of the 
flow (¢t) and that du is Lebesgue measure. By a change of 
variable we have 
= rh(t'¢h(S,x)(x» + h(s,x) du 
t J ).. 0 ¢ (x) h(s,x) u 
[3 ] 
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Now add equations [2] and [3], then subtract from [1]. 
Thus h(s+t,x) du 
I » '" ¢ (ij h(t'¢h(s,x)(X +h(s,x) 0 u = 0 
This holds \:J 5, t E JR and \:J x EX. Since ",(x) > 0, VXE X 
it follows that h(s + t, x) = h(t, ¢h( )(x» + h(s, x). 
s,x D 
We have therefore proved that (X, "'t) is a dynamical system, 
because i) "': JR x X -+ X given by (t, x) \-+ "'t(x) is continuous 
ii) "'t+s(x) = "'t 0 "'s(x) V t, S E JR, \:J x EX. iii) "'o(x) = x, V X EX. 
:"!here '" t (x) = ¢h( t,x) (x) • 
Let h: R x X -+:n be given by (t, x) H h(t, x) where h(t, x) 
is defined by [AJ. We now show that the time change flow is reversible. 
Proposition The function h defined above has a continuous inverse 
in the following sense. There exists a continuous function j: JR x X -+ :n 
given by (t, x) ...... jet, x), such that V x EX, h(t, x) = u if and 
only if j(u, x) = t. 
!'.r.2£f. 
By the observation, for any given x EX, h(t, x) is strictly 
increasing and continuous in t, with image JR - since 
h(t, x) -+ +00(-00) as t -7 +00(-00). Thus, for each x E X, h has a 
continuous inverse in t. So J j :n x X -+ JR, (t, x) I'--l' jet, x) 
such that j(u, x) = t if and only if h(t, x) = u. By [AJ j satisfies 
the following equation 
7 -
Ju ds j(u, x) ~ ~~) o s 
It follows that j is continuous on :R x X, by a similar proof 
to showing that h is continuous on ~ x X, and hence result follows. 
p 
"Te now show the.t if we are given a flow (¢It) obtained from 
(cpt) by a positive continuous change of veloci~ A, we can recover 
the original flow (cpt) from (¢It) by using the function j , which 
is the inverse function to h 
Let k: X -+ JR be continuous, such that 'tJ x E X k(x) > O. 
Let (x, cf>t) be a dynamical system. Define a function j : JR x X -+ R 
r
t 
(t, x) \-+ J k 0 cP (x) du then j satisfies the following condition 
o u 
by 
j(s + t, x) ~ j(s, x) + jet, cf> (x». 
s 
~ 
s+t s+t s 
j(s + t, x) = f k 0 4> (x) du == J k 0 ¢ (x) du + J k 0 ¢ (x) du • 0 u suo u 
By a change of variable we have 
s+t t du 
Is k 0 cf>u (x) du = fo A 0 ¢ (x) 
U+s 
and result follows, by definition of j and group proper~ of the 
o 
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Lemma Let (X, ~t) be a compact dynamical system. Let k and 
j be defined as in tho above lemma then 
i) for each x E X, jet, x) -+ +00(-00) as t -+ +00(-00) 
ii) j has a continuous inverse h: JR x X -+ R; in the following 
sense j h is continuous on JR x X, and for each x E X 
h(t, x) = u if and only if j(u, x) = t • 
Since k(x) > 0, V XE X, (i) follows immediately. 
(ii) is similar to a proof already given. 
D 
Theorem Let (¢t) be a flow obtained from (~t). by a positive 
continuous change of velocity A.. Then (<;\) is a flow obtained 
from (¢t) by a positive continuous change of velocity ~ 
!:!:2£! 
Given ¢t(X) = ~h(t, x)(x) where 
then h has a continuous inverse j, such that j(u, x) = t if and only 
if h(t, x) = u. Thus j satisfies this equation 
u 
j(u, x) = J A ~s¢ (x) 
o s 
j(u,x) 
Ccnsider J A 0 ,I, (x) ds ,since ,I, (x) = A.. ( )(x) o ~s ~s ~h s,x 
let h(s,x) = n, then ds = A 0 ~ (x) dn. lThen s = 0 it follows that n 
n = 0 and when s = j(u, x) it follows that n = t. So 
- 9 
Ij(U,x) i\ r
U 
o ¢ (x) ds = dn = u 
o s J O 
by change of variable. This means that C¢u) is obtained from 
C¢u) with a positive continuous change of velocity ~ • 
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§2. Cohomology of a Dynamical System and Winding Numbers 
In this section we define the first cohomology group of a dynamical 
system. It is possible, however, to define the sequence of higher cohomology 
groups, but they will not be used, so the definitions will be omitted. 
We cbserve that change of velocity is related to the first cohomology 
group of the dynamical system, and the winding numbers, due to 
Schwartzman, has an equivalent interpretation in terms of this 
cohomology group. This observation is the key to the following sections. 
Let (X, G) be a dynamical system, and A a topological group; 
with binary operation * • 
Let A(X) denote the group of all continuous functions from 
X to A, where the group operation, *, in A(X) is defined as 
follows, f * g : X -+ A is given by x 1-+ f(x) * g(x); for all 
f, g E A(X) • 
Definition A ~ cochain is a continuous function from G x X 
to A. Clearly the set of one co chains forms a group. 
Definition A ~ cocycle, h, is a one cochain satisfying the 
following condition: for all s, t E G and x E X 
heat, x) = h (s, ~t(x» * h(t, x) • 
Definition We say that the one cocycles hand j are cohomologous 
if there exists a function e E A(X) such that, for all t E G and 
x EX, 
- 11 
jet, x) * 8(¢t(X» = e(x) * h(t, x) 
Clearly cocycles being cohomologous is an equivalence relation. 
Let ~(G, A(X» denote the set of equivalence classes of 
cohomologous one cocycles. If A is an abelian group, then 
~(G, A(X» becomes naturally an abelian group. rr-(~, A(X» is 
called the first cohomology group of the dynamical system with 
coefficients in the (abelian) group A. 
In this, and the following sections, we shall be mainly concerned 
with subgroups of If-(JR, JR(X» and If1(1l, JR(X» • 
The definition of the first cohomology group of a ~namical 
system can be found in Kirillov [K, 1] and was motiva.ted by 
~.w. Mackeys work on representations of virtual groups 
Let T denote the subgroup of complex numbers of unit modulus. 
Let T(X) be the abelian group of all continuous functions from 
X to T, where X is a topological space. 
Let f, g: X -+ Y be two continuous functions then f ~ g will 
mean that f is homotopic to g. 
Proposition [E.S.l] Let X be a topological space, and f, g E T(X) 
then f ~ g if and only if there exists a continuous function 
e : X -+ JR I such that for all x E X 
f(x) = exp(2wi e(x» • g(x) 
D 
12 
Let ~(x) denote the abelian group of equivalence classes of homotopic 
elements of T(X). nl(x) is called the Brushlins~J Group or the first 
cohomotopy group of the space X. 
Let Bt(X) denote the first eech cohomology group with integer 
coefficients of a compact topological space X. 
Th$o~m [Hu,l]. Let X be a compact opological space, then there is a 
natural isomorphism between nl(x) and fil(x). 
o 
Let (X, 11) be a compact dynamical system. Vie are going to establish a 
link between Bt(x), and ~(IR,IR(X». We first make a few observations thl 
will be useful later in establishing this link. 
Observation (1) Let Y be a connected topological space. Let ¢: Y x X~ 
be a continuous map, then there exists a continuous map ex: X~ ~ suoh 
that for all Y E Y and x E X 
¢(y,x) = a(x). 
(2) Given any f E T(X). Let cJ> : 11 x X ~ X denote the action of 11 on X 
and P : 11 x X ~ X denote the projection on the second factor, then 
focJ>!:>!foP. 
(1) Given Y is connected, then for each x E X it follows that 
¢( ,x) : Y ~ ?l isconti.i!1Uoulil and hence constant since ?l is discrete. 
(2) follows since J1 is contractible. 
Pro~osition Let f be any member of T(X). There exists a unique continue 
one cocycle j: 11 x X ~ 1l. associated to f in the following way: for 
all t E J1, x E X 
f 0 cJ>t(x) = exp(21Tij(t,x» • f(x) 
By our observation 2) for any f E T(X), f 0 ¢!:>! foP, hence there 
exists a continuous fUnction e : 11 x X ~ R such that 
- 13 -
f 0 ~(t,x) = exp(ZUi e(t,x» • f 0 p(t,x); which can be rewritten as 
f 0 ~t(x) = exp(2ui e(t,x» • rex). 
We must now show that e can be chosen to be a cocycle. 
Now 
but 
and 
[1 ] 
from this it follows that if we substitute [3] in [2] and divide by [1] 
we get exp(2wi {6(~+t2'x) - e(~'~t (x» - e(t2,x}) = 1 hence there exist: 2 
a function ¢: Ii x :R x X -+ 7l such that 
since the left hand side is continuous it follows that ¢ is continuous. 
:R x :R is conneotad~ sO that there exists a continuous function ex : X-+ 
such that for all t l ,t2 E It x E X, ¢(tl ,t2,x) = ex(x) by observation (1 
We now investigate some properties of the function ex which will 
enable us to obtain a one cocycle. 
Since for all ~,t2 E ~ , x E X we have 
9(~+t2'X) - 6(tl , ~t (x» - e(t2,x) = ex(x) [4] 2 
put tl = 0 and t2 = t hence we get - e(O'¢t(x» = ex(x). 
- 14 -
put tl = t and t2 = 0, hence we get - e(o,x) = a(x) 
from this it follows that a(¢t(x» = a(x) for all t E It, x E X. 
Define j: R x X -+ :R by (t,x) -+ j(t,x) = e(t,x) + a(x) then 
substitute for e(t,x) in [4] and we get 
j(tl +t2,x) a(x) - j(tl'¢t (x» + a(¢t (x» - j(t2,x) + a(x) = a(x) 2 2 
and since a(¢t (x» = a(x) we obtain 
2 
i.e. j is a one cocycle. 
We now show that j is unique. Let jl and j2 be one cocycles 
satisfying f 0 ¢t(x) = exp(2"i j(t,x» • f(x), hence we have 
exp(2Ui [jl(t,x) - j2(t,x)}) = 1 from this it follows that there exists 
a function l/J: It x X -+?l such that jl (t,x) - j2( t,x) = ifJ( t,x) for 
all t E It, x E X but by observation 1) ifJ(t,x) = a{x) for a 
continuous function a: X-+~. Now jl and j2 are cocycles, so for 
all x E X jl(O,x) = j2(0,x) = 0, which implies a(x) = 0 for all x E 
so jl = j2' a 
Lemma If f, h E T(X) such that f ~ h. Let jf and jh denote 
the unique one cocycles associated with f and h respectively it 
follows that jf is cohomologous to jh' 
~ 
We are given that f 0 ¢t (x) = exp( 21Ti jf( t ,x» • f(x) and 
h 0 ¢t(x) = exp(21Ti jh(t,x» • h(x), for all t E R, x E X. 
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Now since f ~ h, there exists a continuous function e: X ~ R 
such that f(x) = exp(2rri O(x») • hex), for all x E X. Hence 
f 0 ~t(x) = exp(2rri e(~t(x» • h 0 ~t(x), for all t E R, x E X. 
From this it follows that there exists a function tf1::R x X -+ ?l 
such that 
By observation 1) there exists a continuous function a: X ~ ~ 
such that, for all t E :R, x E X, tf1(t,x) = a(x). Since jh and jf 
are one cocycles, when t = 0 it follows that a(x) = 0 for all 
x E X, hence jh and jr are cohomologous. [j 
Let {j 1 E J?-( R, :R(X» denote the cohomology class of the one 
cocycle j. 
Theorem 
The map p: ;(x) -+ ;( :R, n(x» given by {fl -+ bfl is a 
group homomorphism. 
~ 
The map p is well defined by the last two results (we have 
'conf'used' the elements of nl(x) with elements of Y.t(X) under the 
natural isomorphism). 
Consider {fl, {hl E Br(X), then p({fh}) = {jfh} i.e. 
(fh) 0 ~t(x) = exp(21Ti jfh(t,x» • (fh)(x), but 
(fh) 0 ~t(x) = f 0 ~t(x) • h 0 ~t(x). 
-lb-
It follows that there exists a continuous function a X ~ ~ such 
that 
but jfh,jf and jh are cocycles and hence are zero when t = 0 
for all x E X; this implies a(x) = 0 for all x EX. 
;(It,:R(X)) is a group so that [jf + jh} = {jfl + {jh 1 so 
p([fh}) = {jfh1 = {jf+jh1 = {jfl + (jh l = pelf}) + p({h}) o 
We have developed enough cohomological nonsense for our needs 
so we now turn to Ergodic Theory. 
From now on we consider compact dynamical system (X,G) of 
the form, X compact metric, and G as either 11 or ~. 
Let Ll(X,m) denote the space of Borel functions f: X~ R 
such that r If lam < 00, under the equivalence relation that two 
J X 
functions are identified if th~ differ pointwise on a set of (m) 
measure zero. If f E Ll(X,m) then IItll = J If lam defines a 
1 X 
norm under which L (X,m) becomes a Banach space. 
Ergodic Theorem of Birkhoff [P.U.l] .. Le\- (CPs) preseNe m • 
Let f E Ll(X,m), then the lirfiit of 1 r g f 0 ¢ (x)ds ~ f*(x) g J s 
e 
a.e(m) as g ~oo such that 
(ii) For all 
(iii) If m(X) 
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g E G, 1'* 0 ~g(x) = f*(x) 
< 00, J 1'* dIn = r f dIn 
X J 
a.e. (m) . 
( where ds is Lebesgue measure on .... _.l.. n G JR d th 
.It\. '/Vue =, an e 
counting measure on 2Z when G = .!Z) • D 
Thee ren"\ . 
~¥~118!Y [0.1] The compact dynamical system (X, G) admits at 
least one normalised G-invariant Borel measure, ~. 
\ I 
Denote by (X, G,~) a compact ~namical system (X, G) with 
normalised G-invariant Borel measure ~. (Such an object exists by 
above corpllary.) 
o 
Let C (X, JR) denote the Banach Space of all continuous functions 
f X -+ JR, with norm given by 111'11 = sup I f(x) I • 
x E X 
Definition ~e say that f E CO(X, R) is differentiable with respect 
~~e flow , (~t)' if there exists a function g E CO(x, JR) 
such that 
f 0 ~t - f 
II-~t- - g II --+ 0 as t -+ 0 • We denote by 
C1 (X, JR) the Banach space of all functions f E CO(X, J1) which are 
differentiable with respect to the flow, (4)t) , with norm given by 
where f~ denotes the derivative of l' with 
respect to the flow, (4)t). We sometimes write f' for the derivative 
of f., when there is no chance of confusion with a derivative with 
respect to another flow. 
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Theorem [S.S.l] Let f E 0 C (X, JR) • Then, for any £ > 0, 
there exists g E Cl(X, JR) such that IIf - gil < ( • 
D 
Corollary [S. S.l] Let f E T(X) , then there exists g E T(X) 
such that f eo! g and g is di~ferentiable with respect to the 
flow. D 
',"e now define the winding numbers of the dynamical system 
(x, ¢t' ~). This definition is due to Sol Schwartzman. 
Let f E T(X) and assume also that f is differentiable with 
respect to the flow, (¢t). The winding number of f with respect 
to (X, ¢t'~) is defined as follows 
fl 
'if (f) = -21 . J J!..... d~ • ~ 'TTl. Xf 
It can be shown that this real number W (f) is independent 
j.l 
of the homotopy class of f. Further since 
(fg) 1 fl g' 
:.:.:.:.:! = :Jk + .!E. , where f, g E T(X) and are differentiable fg f g 
with respect to the flow (~t) 
a group homomorphism. 
it follows that W : !fLex) -+ JR is 
~ 
We give an equivalent definition of winding numbers, and both ways 
will be convenient to use in the following sections. 
~ All cocycles will be assumed to be continuous. 
Definition A one co cycle j : :R x X -+ :R, is said to be continuously 
differentiable with r~ect to the flow, (~t)' if the function 
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x ~ R defined by x 1-+ lim 
t-+O 
.at. x) 
t , exists and is continuous 
on X. 
Observation For any s E JR and for any x EX, the limit of 
,j(s + t, x) - j(s, x) 
t oxists as t~ 0 if and only if the limi:t of 
J(t. xl 
t 
Proof 
-
exists a5 t -+ D. 
By cocycle condition, for a fixed, but arbitrary s E R ; 
jet + s, x) = jet, ¢ (x» + j(s, x). The result follows, 
s 
we have 
since we are given either limit exists for all x EX. 
D 
This observation merely tells us that a cocycle is differentiable 
if and only if it is differentiable at any point on the orbit. 
Le~ Let j and k be two cohomologous one cocycles. If the 
jet, x) ( ) limit of t exists a.e. p as t -+00 then the limit of 
k(t, xl 
t exists a.e. (p) as t ~ 00 and 1
" jet, x) _ I" k(t,x) 
JJIl t - lm t 
t ~oo t~oo 
Since j and k are cohomologous, there exists a continuous 
function e E JR (X) such that 
jet, x) = e(¢t(x» + k(t, x) - e(x) 
X is compact, so e is a bounded function and result follows. 
D 
Proposition Let {j} E p(El(x», then there exists a function 
k E {j} which is differentiable with respect to the flow. 
a.e. (p) 
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Since {j} belongs to image of Hl(x) under p it 
corresponds to {fl E Br(X), by pelf}) = {jJ. The result 
follows as a corDlla~ of a previous theorem, for there exists a 
g E T(X) such that g ~ f, and g is differentiable with respect 
to the flow; thus the associated cocycle k of g is differentiable 
with respect to the flow because it satisfies the following 
condi tion 
g 0 ~t(x) = exp(2~i k(t, x)) • g(x) 
o 
Proposi tion Let {j} E p(Hl(x»), if g E {jJ then as t ~oo the 
limit of 
~ 
get, x) 
t 
exists a.e. (p) • 
By a previous result we have a function h E {j} which is 
differentiable with respect to the flow, (~t). Let A E JR.(X) be 
the deri va ti v e of h with re spe ct to (~t) • Define k, a one 
t 
cocycle, as follows k ( t, x) = f A 0 ~ (x) ds • Clearly k is 
o s 
differentiable with respect to (~t), with derivative A • It 
follows that there exists a function 8 from X to R such that, 
for all x EX, t E JR. k(t, x) = h(t, x) + e(x). When 
t = 0, k( 0, x) = h( 0, x) = 0 for all x E X, so that 
t 
Thus h( t, x) = J A 0 ~ (x) ds whence it follows that 
o s 
e(x) == 0 • 
het. x) 
t 
tends to A*(X) a.e. (p) as t ~oo by the Ergodic Theorem. 
lim 
t -+ 00 
21 -
Since g and hare cohomologous it follows that 
edt, x) 
t = lim t-+oo 
h(t, x) 
t a.e. (p) by a previous result. 
o 
The map VI : p(if1(X» -+ E. given by p 
{ j I 1-+ I (lim 
X t-+oo 
jet, X») d" h h" t p 18 a group omomorp 15m • 
We now show that the definition of winding numbers due to 
Schwartzman can be deduced from the above work. 
Let j be a differentiable cocycle associated with a funotion 
f E T(X) by the following rule 
f 0 ¢t(x) = exp(2wi jet, x» • f(x) • 
Hence .J-
f' (</>t(x» dj(t. x) 
where dj(t, x) denotes 
f(¢t(X)) = 271"i dt dt 
the derivative of the one cocycle j, at time t 
Now It dj(s'X)ds = jet, x) • o ds 
by the Ergodic Theorem, also 1 f' * 1 I f' 2rl I
x
(7) dp = 2rl X 7 dp • 
Now 
1 r f' 1 I ( 1 It f' (¢ s (x) ) ) 
W (f) - - - dp =;;:::" lim t f(</> (x») ds dp p - 2rl J X f 0<::1.1 X t -+00 0 S 
.. 22 -
so wit).= W~(j), where pet) = j • 
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§3. Properties of Bynamical Systems under change of Velocity 
In this section we find an equivalent invariant measure with 
respect to a time change flow. Using this equivalent invariant 
measure we show that Ergodicit,y and Unique Ergodicity are 
preserved under a time change flow. Finally we show that the 
winding numbers of a dynamical system and its time change dynamical 
~ystem are related in a nice way, and are invariant under certain 
condi tions. 
As before let (¢t) denote a flow obtained from (¢t) with 
a positive continuous change of velocity A j where A: X -+ JR 
is continuous and for all x E X, A(X) > ° 
where 
Let j : JR x X ... R be the inverse cocycle to h 
i.e. j(u, x) = t if and only if h(t, x) = u 
RxX-+R 
The approach Which we are going to adopt is as follows. 
Cons truct a po 5i ti ve (¢ t) - invariant linear fune tional on 
cO(X,1{) and to obtain the result we appeal to the 
Riesz Representation Theorem 
[A] 
A necessary and sufficient condition that L is a positive 
linear functional on CO(x,1{) is that, for each f E CO(X, JR), 
L(f) = r f am; where m is a unique finite Borel measure on X 
J X c: 
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Remark If we can construct a positive invariant linear 
functional, by the ~iesz Representation theorem we obtain a 
unique finite invariant Borel measure on X • 
Motivated by Kr,yloff and Bogoliouboff's [J.O.I] work on 
Ergodic sets, we use the 'Ergodic Theorem' to construct invariant 
functionals. 
Let f be any member of CO(x, JR). Consider the following 
expression 
L(f) 
where J.J is a (normalised) (cpt) - invariant Borel measure on X 
and j is the inverse cocycle associated with h by the time 
change flow (¢t). Assuming that the above expression makes scnse, 
the map L: Co(X, n) ... R given by f ... L(t') is easily seen to 
be a (¢t)-invariant positive linear functional on CO(x, JR.) • 
rj(T,x) rj(T,x) 
Consider J
O 
f 0 ¢t(x) dt = J
O 
f 0 CPh(t,x)(x) 
By change of variable, put u = h(t, x). It follows that 
du = A. 0 cP (x) dt, by equation [A], and j(u, x) = t, hence 
u 
when t = 0, u = ° (cocycle property), when t = jeT, x) , 
u = h(j(T, x), x) = T • 
So \7e have the follov:ing si!i!plification 
j(T,x) T f 0 cpu(x) J f 0 ¢t (x) dt = I A. 0 cP (x) du 
° ° u 
dt • 
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so 
1 rj(T,X) 
lim T j f 0 ¢ t (x) d t = 
T~oo 0 
1 . 1 l.lIl -T T-+oo 
By the Ergodic Theorem (i) lim 1. rT (t.) 0 cf> (x) du = T~oo T J 0 \A u 
(ii) p(x) f '" 
Ix 
f since < 00 , r L) dp = A dp • JX\A 
L(f) 
r 1 j(T,x) 
Thus = J (lim T I f 0 ¢t(X) dt) dp 
X T-+oo 0 
= J (lim 1 IT f o cf> (x) n dU) dp 
T 0 A o cf> Cx) X T-+oo u 
f * r f 
= I (X) dp = A dJ.,L • X J x 
f '" 6:) (x) a.e. (p) 
By the Riesz Representation the positive linear functional, L, 
can be represented by the integral of a unique finite Borel measure, 
m, i.e. L(f) = r f dm • J X 
Hence, by previous work L(f) = J f. 2f! 
X 
so dm -~ 
- A ' since m is unique. The measures m and J.,L are 
equivalent, since A is bounded and positive. We observed 
previously that the functional L was (¢t) - invariant, whence it 
follows that dm = ¥ is a (¢t) - invariant Borel measure • 
We have proved the following theorem. 
Theorem Let p be a (cf> t) - invariant Borel measure on X such 
that p(x) < 00 • Let (¢t) be a flow obtained from (cf>t) with 
a positive continuous change of velocity A, then dm = -¥ is a 
finite (¢ t) - invariant Borel measure on X • 
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Corollary Same hypothesis as above, then dm = _~d:;.c;H~ 
>-~ ~ 
is a normalised (¢t) - invariant Borel measure on X • 
a 
Definition A set B S; X is said to be G-invariant if for 81.1 
g E G , ¢ (B) S; B. Where g (X, G) is a ~amical system. 
Definition A dynamical system (X, G, p) is said to be 
Ergodic if the only G-invariant measurable subsets, B, of X 
have (p) -measure zero or the complement of a set of (11) - measure 
zero Le. I1(B) = 0 or I1(X" B) = 0 • 
Let L1 (X, ¢ ,11) denote the Banach space Ll(X, 11), with g 
normalised (¢) - invariant Borel measure 11. g 
Proposition [W.P.1] (X, ¢g' 11) is Ergodic if and only if those 
f E L1 (X, ¢ ,11) such that, for all g E G, f 0 ¢ (x) = f(x) a.e. (11) g g 
implies that f is constant a.e. (11) • 
o 
Ob s erva tio.,!! Let (¢t) be a flow obtained from (¢t) with poai tive 
continuous change of' ve10ci 1:iY >-. Then if (11) is a normalised 
(¢t) - invariant Borel measure, then (m) given by dID = I d >-~ T 
is a normalised (fit) - invariant Borel measure. Hence 
f E L1 (X, ¢t' 11) if' and on~ if f E L1 (X, ¢t' m) since, for 
all x EX, 0 < >-(x) < 00 • 
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Theorem Let (X, ~t' p) be an Ergodic ~namical system and 
its associated time change dynamical systen, where arn::: 
Then (X, ¢t' m) is Ergodic. 
m2! 
Take any f E Ll(X, ¢t' m), so f E L1(X, ~t' p) also. 
The Ergodic Theorem generates invariant functions, thus 
1 T 
lim T Io f 0 ¢t(x) dt == f; (x) a.e. (m) 
T-+oo 
and f; is a (¢t) - invariant function belonging to Ll(X, ¢t' m) • 
Consider 
by change of variable, u = h( t, x) we get 
so 
Now 
1 T 
T J 0 f 0 ~h( t,x) (x) d t 
h(T, x) T=f 
o 
du 
),. 0 ~ (x) 
u 
() h(T,x) f 
_ h T. x ~ 1 r f_) 0 ~ (x) du. 
- T • h(T, x) J O I. A. u 
thus 
T 1 Sh(T ,x) du 
-h .... (T-'-,-x) == h(T,;Y 0 A. 0 ¢}X) 
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1 Ih(T,X) du 11\* 
and ~ (x) ( ) h\T, x) 0 A 0 ¢}x) -+ lIi ¢ a.e. p 
the Ergodic Theorem. Since (X, ¢t' p) is Ergodic 
Thus h(T. x) T 
as T -+ 00 • 
* r,l) (x) t t ( ) ~ are cons an s a.e. p • 
\11. ¢ 
du 
'A which is non-zero. 
by 
Hence we have 
1 * 
a.e (p) = a.e. (1:1) • 
(-) (x) 
l'A ¢ 
a.e (p) 
Since the right hand side is constant a.e. (p) and p is equivalent 
to ~, then r;(x) is constant a.a (m). 
Ergodic. 0 
Ha~ce (X, ¢t' m) is 
Remark The author was unaware that these results were already 
kno,m, when he first proved them. Maruyama and Totoki, [G.M.l) end 
[H.T.l], respectively, have published proofs. In fact their 
method is completell different from the one used here. lIaruyama 
and Totoki work in a measurable category and call cocycles 
additive functionals - terminology from stationary processes. 
The proof they give consists of defining the measure m as follows 
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is the 
characteristic function of the measurable set B. They then 
proceed to show this neasure Ii is o:f the:form am = ¥ . By the 
theor,y of Laplaoe transforms they show that the measure m is 
(I/tt) - invariant ~toki also proves that for an ergodic normalised 
dynamical system the Entropy is invariant under time change flows, 
and does not increase in general. 
Definition The dynamical system (X, <I> g' /.l) is said to be 
uniquely ergodic if there is one and only one normalised (. ) - invariant g 
Borel measure. 
Remark It (I/tt) is a t:1.me change flow of (<I>t) with velocity change 
A, then (4)t) is a time change flow of (I/tt' with velocity cha. 
i. It follows that if /.l 
th dm dM measure, en - I ~ 
A A 
is a nonualised (.t' - invariant Borel 
is a normalised (4ft ' - invariant 
Borel measure and (J A ~ • (I ¥) = 1 • 
Eroposition It (x, 4>t' Jl) is a uniquely ergodic dynamical system, 
and (4f
t
) is a time change :flow o:f (<I>t' with velocity A, then 
(X, I/tt' m) is a uniquely ergodic dynamical system, with measure 
am = du AI ~ X A 
• 
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Assume not. Let ~ and Dl2 be two distinct normalised 
(¢t) - invariant Borel measures. Since A is a strictly positive 
function, we can recover the flow (¢t)' by changing the speed of 
(¢t) with velocit.Y t· 
By a theorem we have normalised (¢t) - invariant Borel measures 
A~ 
and 
A dm2 
I A dnJ. I Adm 
X X 2 
But (X, ¢t'~) is uniquely ergodic so 
that dlJ 
A~ 
= J A~ 
X 
and hence 
r ~ I 
= JX A I A ~ 
X 
I 
From this it follows that ~ = dm2 which is a contradiction. 
We already know that (X, ¢t) admits a normalised (¢It) - invariant 
Borel measure of the form and so assertions in proposition 
are proved. 
o 
~o\os,ca\ 
In a later section we see that theA weak mixing concept in a 
dynamical system is not preserved under a positive continuous 
change of velocity. 
Let us now consider how the winding numbers are effected under a 
positive continous change of velocity. First of all we must see how 
the derivatives of functions f E T(X) are related by differentiation 
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with respect to a flow (¢t) and its time change flow (¢t) • 
Proposition Let f E T(X) • Let (¢t) be a time change flow 
of (¢t) with positive continuous change of veloci~ A. f is 
differentiable with respect to (¢t) if and only if f is 
differentiable with respect to (¢t). The derivatives, when 
one exists, are related as follows f' = Af' ¢ ¢. (We are using our 
convention about derivatives with respect to different flows.) 
Proof 
Consider = 
f 0 ¢h(t,x)(x) - f(x) 
h(t, x) 
since, for each x E X, h(t, x) ~ 0 as t ~ 0 , and 
het, x) 
t 
h(t.x) ~ A(X) as t ~ o. The result follows since A(X) > 0 , 
t 
and A is continuous on X o 
Theorem. Let (X, ¢t' p) be a dynamical system, and f E T(X) 
Let 17[ (f) denotes the winding number of f with respect to 
fJ 
(X, ¢t' fJ) If (X, ¢t' m) is a time change dynamical system of 
(x, ¢t' fJ), where _ dU dm - I ~ A A If W (f) m denotes the winding 
number of f with respect to (X, ¢t' m) then Wm(f) = f ~ W/f) • 
J A 
!I2£! 
Without loss of generality we may assume that f is differentiable 
with respect to (¢t)' and hence, by proposition, differentiable witl1 
respect to (¢t). 
but 
Now W (r) 
m 
1 
21Ti 
}2 -
r ~ am 
.IX r 
but W (f) 
J.l 
1 r f' 
= 2;7 j :!! dJ.l , 
1. X f 
hence it fbI lows that 
W (f) = -L.-. Vi (r) 
m J ~ J.l 
XA. 0 
1 
Corollary S h th · b If Jr d~ll -- 1 , 1.. t follows ame ypo es1.S as a ove. 
that the winding numbers are invariant under a change or velocity. 
o 
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In this section we show that the concept of a (Global) 
Cross-Section for a dynamical system, (X, ~t)' is equivalent 
to an Eigenfunction of a time change dynamical system, (X, if't). 
If we have an eigenf\.Jllction then the eigenvalue is a winding 
number, the converse in general, is not true. Yfe can, how8ver, 
show that a non-ze~o winding number i.'l an eigenvalue, under 
suitable conditions on tho dynamical system, of an eigenfunction 
with respect to a time change flow. 
-'e say that I). closed subset K of X is a (Global) 
Cross-Scction for the compact dynamical system (~[, ~t)' if the 
map II: JR x K -+ X given by (t, k) \-+ ~t(k) is a surjective local 
homeomorphism. 
Intuitively this says that the orbits meet the c1oso-i subset K 
trensversally. If such a cross section exists on a compact dynamical 
system, (X, ~t)' then it is possible to reduce the study of (X, ~t) 
to a 'discrete' dynamical system (K, T), where T is a homeomorphism 
of K onto itself, given by k I-+¢t (k), where ~ is the time 
k 
of first return of the point k to the cross section K • 7his idea 
will prove fruitful in a later section. 
We recall a standard result about (Global) Cross-Sections to 
be founa, for example, in G.~. Birkhoff's book "Dynamical 
Systems". Birkhoff calls cross-sections, "surface of section". 
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Theorem Let (X, ¢t) be a co~pact ~namical system. Let 
f E T(X) which is also differentiable with respect to the flow, 
(¢t). If, in addition, for each x EX, we have 
1 
ari 
f¢t~ f x > 0 , then the set K. = {x E X I f(x) = 11 is a 
global cross-section for the dynamical system (X, ¢t). [) 
We now define eigenfunction of a dynamical system and then 
link this concept ~~th change of velocity and cross-sections. 
Definition A function f E T(X) is called an eigenfunction 
for the dynamical system (X, ¢t) , with associated eigenvalue ex, 
if, fo r all x E X ani t E JR 
f 0 ¢t(x) = exp(211i at) • f(x) , where ex E R • 
Remark Let (T, F~) be the dyn~ical system consisting of 
the unit circle, T, in the complex plane and a flow on 
T, defined as follows, for each t E ::R, Z E T 
F~ : T -+ T by z !-+ exp(211i at) • z ,where a E It . 
Then we may think of an eigenfunction, f, as a morphism of the 
~amical ~stems and (T, F~) , for some ex E It. 
Sen'I"-
Such a morphis~ is called aAoonjugacy and i.e. f 0 ¢t = F~ 0 f • 
selVh 
the dynamical systems are said to bjlcOnjUgate. This interpretation 
of eigenfunctions will prove useful later. 
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~ If we have an eigenfunction, 1', with non-zero eigenvalue 
a of the qynamical system (X, ~t) - clearly the eigenfunction, 
1', is differentiable with respect to the flow (~t» then 
1 1" (x) 
211"i £ = a, for each x EX. Without 10s8 of generality 
we may assume a > 0 , for other\vise, the function 1'-1 : X ~ T 
by x ~ (f(x»-l has a positive eigenvalue, where (f(x»-l 
is the inverse of f(x) in the circle group T. 
Hence it follows that the set K = {x E X If(x) = l} is a 
cross-section of the flow (X, ¢t)' So the existence of 
such an eigenfunction means that a cross-section exists. 
Theorem Let (¢t) be a flow obtained from (¢t) with a 
positive continuous change of velocity A. Let l' E T(X) be an 
eigenfunction, with non-zerO eigenvalue, of the dynamical system 
(X, ¢t)' It follows that (X, ~t) admits a cross-section. 
We are given that ¢t(x) = ¢h(t,x)(x) , where 
A(X) > 0 . 
Further there exists a function l' E T(X) and an a E :R, with 
a non-zero such that l' 0 ¢t (x) = exp(2ri at) • f(x) , for all 
Let j R x X ~:R be the invers,e cocycle associated with 
h : :R x X -+ R; i.e. j(u, x) = t if and only if h(t, x) = u 
hence 1'0 <I> (x) = exp(211"iaj(u, x» .f(x). 
u 
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Since h is differentiable with respect to the flow (9'tt) it 
follows that j is di:f":ferentiable with respect to the flow (~t)' 
1 ~(x) If 
whenoe we have 2rl rrxr = i\{x} ? 0, for all x EX. 
The result now follows from the p%"evious theorem. 0 
This last result was intuitivelY olear, since we keep the 
same orbits, but travel aJ.ong them at different speeds so the 
orbits still meet a olos ed set transversally. We want to prove 
that the oonverse is, in faot, true, but first we need some 
results at Sohwartzman's. 
Proposition [S.S.l] Let o gEe (X, E.) • If' for ever,y normalised 
t{tPt ) - invariant Borel measure JJ we have r g dJJ > 0 , then J X 
there exists a function tJ e Ol(X, li) such that 
8~(X) + g(x) > 0 , for all x EX. p 
The last proposition is in fact needed to prove the next theorem, 
which we need. 
Theorem [S.S.l] A necessary and sufficient condition that the 
~namical system (X, ~t) admits a cross-section is that there 
exists a function f E T(X), such that for ever,y normalised 
(~t) - invariant Borel measure JJ, W/f) > 0 • q 
We now prove the co~e%"se to our theorem that existence 
at cross-seotions correspond, in some sense, to eigenfunctions. 
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Theorem Assume that the dynamical system (X, ¢t) admits 
a cross-section, then there exists a flow (¢t) obtained from 
(¢t) with a positive continuous change of velocity A, and a 
function g E T(X) , such that g is an eigenfunction with 
respect to the time change flow (¢t) • 
By the above theorem of Schwartzman, there exists a function 
f E T(X) such that for every normalised (¢t) - invariant Borel 
measures ~, ~ (f) > o. Furthermore we can assume that f is 
11 
differentiable with respect to the flow (¢t) , 50 
f' 
2;i Ix f- d~ > o. By the proposition, there exists a 
function 8 E cl(X, JR.) such that 
1 f' (x) 
8¢(X) + 2ii ~ > 0, for 
all x EX. 
Now f oorresponds to a differentiable cocycle in the following 
way f 0 ¢t(x) = exp(2'1Ti k( t, x». f(x) for all t E R, x EX. 
Consequently it follows that 
--L fie;) = 
2'1Ti f x 
dk(t, x) I 
dt t = 0 • 
Define . ) rt( ( (» dk(s, xh J ( t, x = joe ¢ ¢ 5 X + ds ) ds • 
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Then j : It x X -+ JR by (t, x) -+ jet, x) is a positive 
differentiable cocycle, by construction. Hence it follows 
that jet, x) ::: e(¢t(x)) - e(x) + k(t, x) for all x E X, t E JR, 
so j is cohomologous to k. 
Substituting for k we have 
f 0 ¢t(x) ::: exp(21Ti j (t, x) + e(x) - e(¢t(x))) • f(x) • 
Define g E T(X) as follows 
g(x) ::: exp( 21Ti e(x)) • f(x) so g C! f 
Elimina ting f from the above equations we have 
g 0 ¢t(x) ::: exp(21Ti jet, x)) • g(x) • 
Now since j is a positive differentiable cocycle it can be 
associated with a change of velocity, in the following way 
jet, x) ::: U if andmly if h(U, x) = t ,so h(u, x) 
satisfies the following equation 
, where A is defined 
1 fl (x) 
21Ti ~ > 0 for all x EX. 
So ¢ (x) ::: ¢h( )(x) , defines a new flow (¢) 
u u,x u 
obtained from 
with positive continuous change of velocit.Y A. 
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Hence g 0 ~t(x) = exp(2~i jet, x» g(x) becomes 
g 0 r/l
u 
(x) = exp( 2~i u) • g(x) under change of veloci 1:y 
this means that g is an eigenfunction, with eigenvalue 1, 
for the time change flow (¢u). 
All eigenvalues are vdnding numbers, but not conversely, 
in general. We do have the following resul t. 
Corollary. If for every normalised (cI>t) - invariant 
Borel measure p we have W (f) = a ,where a is non-zero p 
and independent of p and f E T(X), then there exists a time 
change flow (¢t) obtained from (cI>t)' which has an eigenfunction 
wi th eigenvalue a. 
~ 
Without loss of generality let f be differentiable with 
respect to the flow (cI>t) and corresponds to a cocycle k; further 
we can assume a > O. Hence ; (dki~'x) It=o) dp = a, so 
X 
there exists 
Define j(t,x) 
j(t,x) 
1 8 E C (X, R) such that 
81 () dk(t,x) I cI> x + dt t=O > O. 
dk 
+ 0:";( s x» ds ds ' 
(since a is independent of the invariant measures) 
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then 
aj(t,x) = e(~t(x» - e(x) + k(t,x). 
Define g E T(X) by g(x) = exp(2niO(x»). f(x), so it follows that 
g 0 ~t(x) = exp(2ni aj(t,x» • g(x). 
Let h(u,x) = t if and only if j(t,x) = u, and define 
then 
Corollary 
¢ (x) = ~h( )(x), u u,X 
g 0 ¢ (x) = exp(~i au) • g(x). 
u 
Let (X'~t'~) be a Uniquely ergodic dyna~mical system. 
Then any non-zero winding number is an eigenvalue with respect to 
some change of veloci~. 
Proof 
There is only one normalised (~t)-invariant measure ~, 
so apply last corollary. 
CJ 
§.5. Elimina ting Eigenvalues. 
In this section we show that, under mild conditions, it is possible 
to eliminate eigenfunctions with non zero eigenvalue by a positive 
continuous change of velocity. In particular, this proves that when 
the compact dynamical system 
Wlpo\~\ca\ 
system which is~weak-mixing: 
velocity changes. 
is ergodic there exists a time change 
\-ofO\ccQ\CQ \ 
thus~weak-mixing is not invariant under 
The scheme of the proof is as follows. 
In previous sections we have observed that velocity changes and 
functions f E T(X) give rise to one co cycles , ti1is is the key to 
this method of proof. Each f E T(X) uniquely corresponds to a one 
cocycle, jf say. ~e must now find a positive differentiable one 
cocycle such that the non-zero multiples of it miss the set of 
associated cocycles {jf If E T(X)}, for otherwise we can always find 
an eigenfunction with non-zero eigenvalue for some time change flow. 
By observing that eigenfUnctions and time change flow cocycles are 
t differentiable' we need only consider those differentiable functions 
which belong to T(X). We now assume that the result is false, and 
show that we have constructed a continuous linear bijection between 
two Banach spaces. By the closed graph theorem it follows that this 
+inear map has a continuous inverse. In order to obtain a contradiction 
we assume that the dynamical system ~dmits at least one infinite orbit. 
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By constructing a convergent sequence of functions in the cc-domain 
':"Thich does not come froI:l s. convergent sequence in the domain 7iO 
get the required contradiction. 
~e now attempt to provo theorem A, from which we can deduce that 
~~'O~\c.a\ 
" vleak mixing is not invariant under a change of velocity, in general. 
Theorem .A Let (X, ¢t) be a compact dyna~cal system such that 
there exists a point Xo E X whose orbit is homeomorphic to JR. iTe 
can find a flow (I/It) obtained from (¢t) with a positivd continuous 
change of velocity such that tile dynamical system (X, "'t) does not 
admi t any continuous eigenfunctions with non· "~oro eigenvalue. 
Remark In theorem A we only allow ("'t)-invaris~nt functions as 
eigenfunctions i.e. for all t E JR f 0 "'t = f ,where f E T(X) 
Prelimi~ry remarks 
In §l we showed that a change of velocity corresp~nded to a 
",here J" (t, x) = jrtk 0 ,/, (x) ds positive differentiable one cocycle, j: " .~ 
o s 
and k : X -+ It is continuous such that for all x E X, k(x) > 0 
I [>2 h d th t f t" f T(X) uniquely corresp_ :mds -;;0 a. n J _ VIe s owe a any unc ~on E 
one cocycle Of in t..~e following way: for each tEE., x !:: X 
f c ..pfv-\ • ~ \J>'.' • Let DT(X) denote those f~~~tions 
f E T(X) which are differentiable with :,'sspect to the flow (1)t) then 
l f~X; 
21Ti f x = 
(0, x) • 
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The statement o~ theorem A says that we can ~ind a positive 
di~ferGntiable cocycle, j, such ~~at for all f E T(X) and all 
non-zero >.. E JR, 9f -I >.. j. If theorem A were false it would follow 
that for each positive differentiable co cycle , j, there exis~3 a 
function f E T(X) and a non-zero real number >.. such that (}f = >.. j • 
Consequently we have f 0 <l>t(x) = exp (21Ti >..j(t, x)) .f(x) • 
Let h be the associated inverse one cocycle to j, i.e. h(s, x) = t 
if and only if jet, x) = s. Defino a time change flow (¢ s ) as 
then:' 0 ¢ (x) = exp (21Ti As) .f(x), 
s 
which means that f is an eigenfunction ,,2--(;!o. non-z(;ro eigenvalue II. 
of the dynamical system (X, ¢t) • 
Assume that theorem A is false. 
___ ~_~..r _____ ... ~..-~ ••. ~-=-
First reduction 
By our preliminary remarks it is enough to observe tha-i; since j 
is differentiable so it follows thrt f is differentiable since 
(}f =.\j and >.. -I 0 Since the derivative of j is k, ~~ih 
respect to 
f'.(x) 
(cf>t) ,and 1 ~~ = ddt (Jf(O, x), we can rephrase 
21Ti f\x) 
the question as follows: for each positive continuous function 
k : X -+]R there exists ~. non-zero >.. E ]( and f E T(X) such that 
1 
-21Ti ~ = f M. 
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Let DT(X) denoto the set of functions f E T(X) which 
are diff\3rentiable wi th respect to the flow (</It)' Now X lS a compact 
metric space so it follows th"t X is separable and therefore 
nl(x) is countable. J.J0t f E T(X) then there exist agE D'l(X) 
such that f ~ g, by a previous result (due to j{8tutani), this 
implies that we may choose a differentiable set of generators of 
1 n (X), {f L whore n E IN the natural m'::~j\3rs. Thus c;iven any 
n 
F E DT(X) , there exist a generating function f and a function 
n 
f E DT(X) with f Co! 0 such tha.t F = f • f also H foP.ows that n 
1 ~ 1 f' 1 f' n 
-
= 
or--. .. ..a + --21Ti F 21Ti f 2'lTi f 
n 
Second reduction 
Let J.J be any fixed norma.:'ised (cpt) - invariant Borel measure 
on X, tlwn '\If (F) = -..1.:- r IJ 211)_ j X 
F' ~ df..l , and since f Co! 0 -.;;r (f) = 0 , J f.i 
so tha.t ~ (F) = ~ (f ) • f..l IJ n 
By our contrary hypothesis to theorem A, for any continuous 
k : X -+ JR such that k(x) > 0 for all x E X, there exist:; 
F E DT(X) and A E JR with A f. 0 such that 1 F' -~ = ,\k. It 21Ti F 
follows that W (F) = Ark dll • IJ J x 
Clearly k can bo written in the form ( r k dlJ) (1 + h) where J 
h E cO (X, JR) a.nd J h dlJ = 0 • 
X 
Let CO (X, JR) denote the subspace 
fJ 
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of' cO(X, It) of those functions h SUC1"l that r h df.l = 0 • 
J X 
Clearly C°J,l(X, JR.) is a Banach subspace of C0(X, JR) because 
it is a closed subspace. 
'fake any o h E C f.l(X, JR.) , then there exists a 8 > ° such 
that for any e E (0, 8) an open interval and x EX, 1 + e hex) > ° . 
Since X is compact and h continuous on Z, there exists 
bI, m E JR such that for all x EX, ~,I ~ hex) ~ m. By assumption 
I hdJ,l = ° 
X 
it follows therefore, that M?: 0 ~ m. Now choose 
1 8 = """::;;""'-:-r'" 
1 + Iml 
For any 
• 
o 
.:; E (0, 8) there exists F E DT(X) 
e 
such that 
1 F' ~J.' .-!. = W (F ) (1 + e- h) from which it follows f;ha t 
DI F J,l e 
e 
f' f' 
.J:... {-Ei!.2. + ..5. 1 = W (F ) (,1 + E"ll) • 
21ri f() ff f.l e-n E' E' 
So we have constructed a function n : (0, S) --+ 7l given ~'7 
t: ..-.n(t:) .(0,0) is uncountable and 7l is countable so there exists 
a.n uncountable fibre of the function n. Let n -l(n( E'l» be an 
uncountable fibre and choo3e E'2 I E'1 where E'2' E'1 E n-1 (n(£1»' 
Define m = n(£l) = n(e2 ) , so that W (F. ) = W (FE' ) = b (say) • f..l c2 J1 1 
We now have and 
1 
2rl 
f' r m 
IT 
m 
other and we set 
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subtract one from tha 
Since f and f are null homotopic (~O) there exist 
E'1 E'2 
91 , /1 2 E Cl(X, JR) such that f (x) = exp(27Ti 91 (x» and E'l 
f (x) = exp(27Ti e2(x» • E'2 
follows that 0' = b(e1 -
Define e = 
'7e finally arrive at the cor.Lclusion t...'1at the map 
L' : CleX, 11.) ~ CO/1(X, JR.) given by f H f: is surjective 
for given any h E CO/1(X, JR.) there exist an f E C1Cz, JR.) such that 
h = f' , namely 
~ b., ° , since A.., 0 • 
Third reduction 
Vie have shown tha t the map L' 
by f H- f' is a linear surjection 
1 0) C (X, JR) ~ C/1 (X, ::R. gc-,,-e.:. 
Cl(X, It) and COU, JR) a.re 
/1 
IIflll = Ilrll + IIf'll, Ilr!! = sup If(x)! 
XEX 
Banach spaces with norms 
respectively, hence ilL' (f)1I == IIf' II ~ Ilfll -;- Ilf'll == IIflll so that 
IIL'II ~ 1 which means L' is continuous. Lei; 
P : Cl(Z, ll) ~ Cl(X, JR) / Ker (L') denote the canonical projection. 
Note that 
functions. 
Ker (1') is the closed subspace of (CPt) -invariant 
Define L: c2(X, JR)/Ker (1') ~ Cq {X, JR) by the p 
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commuting of the following diagram 
L' 
-----;> JR.) 
I 
L 
Then L is a continuous linear bijection a~d by the open mapping 
theorem [G.S.I] has a continuous inverse -1 L • 
','e now show that -1 L is not continuous thus giving the 
required contradiction which establishes the validity of theorem A. 
that 
Let (X, ¢,) be a compact clynamical system 3uch 
ii 
i) there exis t13 a point Xo E:X: which has its orbit homeomorphi c 
to JR 
ii) for each n E l'l' the rrap I/J : I x K -+ X given by n n n 
(t, k) H ¢t(k) is a hGmeomorphism onto a neighbourhood of xo ' 
where K 
n 
is a closed subset of x containing and 
I ::: [-n, n] is a compact int6l'v'a1 in It: then theorem A is 
n 
true. 
Before the proof of propos:i.tion B we observe a few facts which 
are needed in the proof. 
Lemma Under the assumptions of proposition E K has more 
n 
than one point. 
Assume not, then I x 1: is homeomorphic to I, then under 
n n n 
¢n' ¢n(In) is a neighbourhood of Xo from which it follows ~~at 
the orbit of is a neighbourhood of xO. But the orbit of 
Xo is homeomorphic to :m. which is non-compact and X is compact, 
so we have the required contradiction. D 
Under the assumptions of proposition B we can find a 
continuous function f : Ie -+ [0, 1] such that Ilfll = f(XO) = 1 n n 
and a relativity open neighbourhood Nn(xo) in K with n 
f(K " N (xO» = 0 i.e. f has compact support Nn(Xo) n n n 
By last lemma K has more than one point so take k E Ie such n n 
that k f. Xo K has the relative topology of X and so is a n 
compact metric subspace, since K n is a closed subset of x. 
Hence 
there exist relatively open neighbourhoods of k and xo ' N (k) n 
and Nn(X
o
) say (respectively), such that lTn(k) n Nn(xO) = ¢ . 
By Urysohn's Lemma [G.S.l] there exists a continuous function 
f : K -+ [0, IJ 
n 
such that f(xO) = 1 and f(K \. N (xO) = 0 n n 
since Xo and K '\. N (xO) are closed subsets of K ,and K n n n n 
is normal beoause it is compact metric. [J 
as 
to 
f : 
being 
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By ~~e last lemma we can consider f : K ~ [0, 1] 
n n 
co ntinuous on Z vri th values in [0, 1J if we clefine 
be zero on X\ K , thus we have a continuous function n 
it 
X~[O,lJ , with compact support Nn(XoJ and IIfil '" f(xO) 
So by the last lemma and remark without loss of generality we 
= 1. 
can find a continuous function f: X ~ [0, 1J Bunh that i!fll = f(xO) = 1 
and f(X'\ K) = 0 i.e. f has compact support K. 
Define a fu.1.ction B : JR ~ JR by 
n 
when - n < t < n, n E :r;r • 
t 1-+ 
otherwise 
So Bn has compact support In and sup IB (t)1 = 1. 
t E :R n 
a smooth function with derivative 
Now B is 
n 
dB (t) B (tj for ,,·n < t < n n 
n 
o othe:cwise 
from which it fo11ow~ that for each t E JR, 
- 50 -
Define, for each n E IN, gn X --+- JR with compa~t 
support t/J (I x K) as follow8 
n n n 
g' (x) = 
n 
( ~(k). Bn(t), if 
( 
X E t/J (I x K) and 
n n n 
x = ¢t(k), k E ~ 
o if x E X \ t/J (I x K ) 
n n n 
(- C if x c X'\. t/J
n 
(In x Kn) 
l f(k) • 'i~2 ~'~2)3 Bn (t) if x E t/J (I x K ) n n n 
thus IIg'lI-+ 0 as n~~ 
n 
Now g is not canstan-c on orbits so does not belong to Ker L' 
n ~~M~+O~O 
thus we have constructed a convergent aequencekin the codomain of 
t-e't\d\~~ -+a 3e{'o 
I. which does not come from a convergent sequence~ in the domain of 
L i.e. -1 L is not continuous and by fourth ~(;duction and remarks 
gives us theorem A • 
We must now prove assumption 2) in propo.:;~Uon B • 
Let (X, ¢t) be a dynar'lical system, then K is 
a kc.,£,l cross-secti2,U at Xo E: ~~ if there exist.:> 3. closed subset K 
of X and a 8 > 0 such that the map t/J: IS x K -+ X given by 
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is a homeomorphism onto a neighbourhood of x 
o 
where I8 = [-8, 0] • 
Fifth reduction 
Fropo si tion C Let (X, ¢t) be a compact dynamical bystem. If 
1) there is a point Xo E X which has its orbit homeomorphic to ~, 
2) there exists a local croBs-section at xo ' then the assumptions in 
proposition B hold. 
l!'or each t E :It, tP
t 
: X -+ X is a homeomorphism onto X since 
(tP
t
) is a flow on X. We are given that a local cross-section, K, 
exists at Xo then it follows that every point, y , of the orbit 
admits a local cross-section, namely tPt (K) o 
where 
For if ./, • I x K -+ X given by 
'f'x • 0 
o 
(t, k) J-+ tPt(k) is a homeomorphism onto a neighbourhood of xo ' 
then the map 
is homeomorphism onto a neighbourhood of y since 
Let t/J: In x K-+ X be defined by (t, x) t-+ tPt(x) then 
either t/J is a homeomorphism onto a neighbourhood of xo ' and 
then we are through, or it is not. Assume t/J is not a homeomorphism 
onto a neighbourhood of Let Ie = ¢ (K) 
-""]. -n and x = ¢ (xO) -n 
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then ~ is a local cross-section at x. Since the crbits 
partition X into equivalence classes the only way ~(I x K) 
11 
could intersect itself is through K1' with this observacion 
in mind we proceed as follows and noting that X is a 
compact metric space. Let tl be defined as follows, 
o < tl ~ 2n and tl is the least time in which IS. meets 
itself under the action of 
note clearly tl > 0 otherwise K1 would not be a local cross-section 
at x. Let ~ = cf>t (x). We may choose open balls about x and 
1 
1) 
N1 (X) and Nt (~) respectively such that 1 
cf>t (Nl (x» = Nt (~) 1 1 
2) Nl (x) n Nt (~) = ¢ (where A denotes the closure of A). 
1 
Define K2 = ~(x) n K1 which is closed and contained in I~ 
and so still constitutes a local cross-section at x. 
Now inductively define the following objects 
i) K l=NTxY n K, 
r+ r r 
ii) 2n~t l>t >0 
r+ r 
where t is 
r+l 
the first time of return of K to itself r 
i.e. cf>... (K) n K I ¢ 
" 1 r r r+ 
N lex) is an open ball about x and i the radius of the open 
r+ 
ball N (x) 
r 
about x such that cf>t (Nr(X) = Nt (xr ) and 
r r 
N:tXJ n Nt (x:J = ¢ , r r 
r 
x = cf>t (x) • Either this process ends after 
r r 
a finite numb er of steps, m say, and then ~ m+l : In x cf> n (Km+l ) -+ X 
53 
is a homeomorphism onto a neighbourhood of xo ' or t~~ rrocess 
is infinite. If the inductive process i8 infinite the~ s'nce 
o < t < t 1 ~ 2n it follows that t ~ t ~ 2n as r r+ r r-.+oo 
and Nr(xJ -+- x, Nt (xrJ ~ cf>t(x) as r -t 00 since 
r 
cf>t (Nr(x) = Nt (x
r J so there exists at> 0 such r r 
(for cf>t (K) (') K -I ¢) this means that the orbit 
r+l r r 
of Xo is periodic which is a contradiction. o 
Final reduction 
We must now show that a compact dynamical (X, cf>t) admits a 
local cross-section away from fixed points of the flow. 
Theorem [H.W.I] .D. Let X be a locally compact separable 
metric space and ( <f> t) a flow on X. If Xo E Xis not a 
fixed point of the flow then there exists a local cross-section 
at p 
AI. terna tive end to the final reduction D. If there 
exists an eigenfunction with non-zero eigenvalue with respect 
to some time change flow of (cpt)' then the time change flow 
admits a (Global) cross-section and therefore eX, CPt) admits 
a (Global) cross-section. 
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We have the following scheme. Reduction D implies 
proposition C which implies proposition B which implie~ 
theorem A. So theorem A is now verified. 
Remark The condition that the compact dynamical systeffi (X, ¢t) 
has at least one infinite orbit is necessary. It is well 
known in the realm of dynamical systems that flows on the 
unit circle, T , without fixed points are classified in the 
following sense. Let <f>~ : T -4 T be a flow def'ined as follows 
z t-+ exp (2rl At) • z where A E :R. Let (T, <f>t) denote a flow 
on the unit circle without fixed points then there exists a function 
f : T -4 T and a A E :R with A I- 0 such that the following 
diagram commutes for all t E :R 
T f ------:~ T 
l ·A 9 t [ ] . 
T f T 
i.e. the dynamical systems and (T, <f>~) 
'\ef't'\\. 
are ,,"00 njuga te 
by the conjugacy f. This means that f is an eigenfunction, 
with non-zero eigenvalue, for the compact dynamical system 
(T, <f>t) • Hence, since aqy time change flow of (<f>t) is fixed 
point free if and only if (<f>t) is, it follows that any time 
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change flow of (T, 4>t) n.runits an eigenfunction with i!,_u-:r;ero 
eigenvalue if n.nd only if (4)t) is fixed point free: .';d:e we 
cannot eliminate non-invariant eigenfunctions of a tim., dw.nge 
flow. 
Let (X, 4>t) be a dynrunical system. C" \) is 
said to be topol,Micall.y transi thy~ if there exists one 'lense 
orbit. This is the analogue of ergodic in the sense of 
topological ~namics. 
Remark If (X, ~t) is topologically transitive we have 
essentially t:lree types of de!1Se orbit, two of which class:i:fy the 
space X 
i) the dense orbit is one point, so X is one point 
ii) the dense orbit is periodic, so A is homeomorphic to T 
since a periodic orbit :i.S closed. 
iii) The dense orbit is homeomorphic to R. 
Coroll..!:!:ti Let (x ..1..) be a. topologically transitive com pac':; , 't't 
dynamical sys tem such that X is not the unit circle, then there 
exists a time change dynamical system (X, ¢t) whose only 
cont inuous eigenfunctions are the cons tan ts. 
When X is a point toe corolldry is trivially true~ 
If X has a derlse orb i'; :·lOmeOl.1Jl'phic to R, then we may 
find a time change flow (¢t) which only admits (¢t) - invariant 
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continuous functions as eigenfunctions by -~~~dorem A ~ ... ,.J.0e 
a time change flow has the same orbits as ('fit) it fL'_~ ,:" that 
(X, ~t) is topologically transitive from this it is c~?,~ that 
(~t) -invariant functions are constant. 
Let (X, <i>t) be a compact dynamical system and /." 
normalised (<i>t) - invariant Borel measure on X. Let 
2 LeX, <i>t' IJ) denote the :lilbert space of Borel furJ.;:,tion:.. 
f : X -+ JR such that f Ifl2 dlJ < 00 unCia:.: the equivalence 
X 
relation that f(x) = g(x) a.e. (~) with norm given by 
Ilrll = 
Definition The dynamical 5Yf, ~em (X, <i>t'~) is said to be \o?OIO~\U1\ 
weak-mixing, if f E ~(X, ¢+/ /1), for all t E :h, 
f 0 CPt (x) = exp(2ri At) • r(X} ~. e. (otJ}-, f,)r some A E JH. 
implies that f is constant eo" e. (/:1) • 
I,et (X, ¢t' p) be an ergodic compact dynam:_cal 
eystem with at least one infinite orbit, then there exists a time 
To 1'"0\09' ca\ 
change dynamical system (X, ~t' m) which is~weak.-mixing. 
r.;:.~ ~ ~Co('o\\ a~ 1.. . 
Since (X, ¢t) has at 
time chango system eX, ¢t) 
inva.riant functio~s 
can find a normalised (¢t) - inva.riant 
ca.n find a 
only continuous (q\)-
By a previous section we 
e1 measur~, m, which is 
equivalent to J..l, 
o Now C (X, :m.) is 
result follows. 
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then (X, ~t' m) is ergodic. 
in L 2(X, ¢It' m) , so the 
~\cOa~c~\ 
The last corollary shows thatAweak-mixing is not cl:. 
invariant under positive continuous charge of velocity, 
Observation The map p: !t(x) -+ rt-(:R, JR(X)) given by 
tfl 1-+ [jf} has kernel the (<pt ) -invariant functions, 
i.e. f 0 ¢ t = f for all t E JR. Thus if 
(x, cf>t) is topologically transitive this implies that 
ker p = {oj so If-(X) is embedded in I?-(:R, JR(X)) • 
Further if X is no t T or a point it follows that p is 
not surjective because we C<'.d find a positive differenti:1:-,l3 
cocycle which misses the image of p , by theorem A. 
If the action (cf>t) on X is trivial the image of p is 
the identity; in this case we can find It-(E., R(X)). Each 
cohomology class has one element, j, say then 
j (t + 5, x) = j ( t, x) + j ~ s, x) for all t, s E R, X E X from 
Vlhich it follows there exists a function k E CO(x, 11.) such 
that jet, x) = k(x). t ,so If-(R, F.(~~:) ~ cOex, R) • 
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P.emark R.V. Chacon [R.C.l] has proved tha.t it iS~(J;:;ible 
to obtain a time change system which is weak-mixing un": :0;:-' a 
measurable change of velocity of a Lebesgue (measure sp,:-.") 
dynamical system if the qynamical sys tern is ergodic, ana. Jche 
flow is anti-periodic. 
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